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Contained horein is a4 Jorivation of an coation wioich s Ceen ueed
to oconvert DX M duel simulation ontouts Into ooeasare of pertoriance
which integrates tethality, valnerability and armanition depletion rate.

Section Iodiscuasses thoe nootus ror o the Jderivation; section 1
e

Jorives the cquation: sSection (11 Joscus=<os examrle annlications, and

Ssection TV summarizes the rosilts,

1. BN D
- Ca e S . . Coe
The DIrstio Hoesearon Loeborators CBoi L norrina o witin the Arnn
Yatericl svstoms Snalesis o Activite IS ) s deccloned aocomputer
model which simdates "N N Y tonk o \rpn

, the various
probabiitoy T cacn or il o nessible

vt ion depletion of cach

the average
stite.,

Lo ot tae rroaram, bt owas observed that
Finl engaoement ocutcomes, bt
of ammunition depletion, o Tt hecane oevi-

dentothat seme et b was resurred to intesrate the burden directiys
Sntd o tho ovorreorcance measure. Itowas Jdocrded that oa omeasure which
rdicared toe ot b le numbor of tanks milled por unresupnlied svstoem

in e soer oot Lo ensg oents wauald be o of interest.

Mis roaort diccusses tnhe derivation of such s measure.

L. THE DERIVATION AND EQUATTON

She prel lem thet faced us was that the expected number ot tanks
illed by blie in a sequence of 1 X ! engagements had to be approximated
it oonly o the folloving information at hand:

Pooo2 provabilioy that exactly (i-11 blue tanks and (j-1  red tanns
) dre nitlad ot the termination*™ of a 1 X M envagcement

o2 the o averase namber of rounds expended per blue tunk given
the tinal stote indicated 'm'I\i
o

-

[ = orisinal amrunition load,

Fofore leapin: into the derivation, fet's detine a few terms which wil
help Keep the cgaationz reletively compact.
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s Term Example befinition
; == tXample lefinition
! . .
’ m="'+1 The maximum dimensions ot the matrix
» . . .
S ad (Pi.) associated with a 1 X M encage-
3 men
i m
« . . -~ . .
Pg = ) Pl' Probability of blue survival in
) i=1 ] 1 X M engagement.  MNote: It 1s
assumed that P_ « 1.0,
* >
E. = ) )N, * P, Expected number of bluc rounds
n - .- i] ij
=1 3=1 . expended per engagenent
m
. : = i N . * . Expected ber of > or S
} Fn/S NG Pl /PS pected number nf.hluc rounds
- i=1 - expended in a survived engagcenent
@
- m
: En/§ = N,i * Pj./(l—Pg) Expected number of blue rounds
i i=l 7 -J ) expended in an cngagement not sur-
vived
. bl
@ PR : \
b EK = »oi-1) Pi' Expected number of red tanks de-
[ i=1 j=1 J stroyed in an engagement
m
FK/% = (-1 Pl./PS Expected number of red tanks de-
B i=1 J stroyed in an engagement survived
by blue
m
EK/§ = o (i-1 * P, /(1-P)  Expected number of red tunks
i=1 o ; destroved in a bluc attrited
engagement
Ep = EK/S/E . An indicator of the number of red
2 e tanks killed per blue round fired
in an engagement survived by bluc
. . L : .. e
N = integer E The average number ot successtul
“n/S engagements implied by an ammuni®:on
load consisting of I rounds
Ny = L= N*E The average number of rounds
R n/Ss s

$ renaining after N cnuagements
have been survived

k. A An approximate number of red tanks
j K/R - R OR 1 anl "
4 killed by A rounds.
AS

¢
b
} LT -
1 o parable -7 engaying Juture targzic.
)
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With the preceding information at hand, we approximate the expected
value equation by using engagement averages for the possible values of
the number of red tanks killed, and by limiting the possible number of
successtful engagements to the average number of successful engagements
implied by the original ammunition complement, i.e.,

N-1 . .
T - T R - _ypl - Tk 2 * 3:\
ET 2y (1 hK/S + EK/S)PS(I PS) + (N EK/S + EK/R) }S (n

where E_ is approximate expected kills per ammunition load. Note that

the term (i * EK/S + EK/EJ is the average number of red tanks killed
given that blue was atcrited during the (i+1) engagement. Also note

that PL(1 - P_.) is the probability that blue was attrited on specifi-

cally %he (i+?) engagement.

The term on the far right refers to the situation where blue sur-
vives all N engagements. Notice that the term E,/ is a type of ''fudge
factor" to indicate the potential kills of the reSidual rounds stowed
after N successful engagements.

The series contained in Equation (1) can be solved in closed forn
by remembering that

N-1 . N
T al - 1 - a
L -
i=0 a
N-1 . n N-1 .
) ial = a 3—-; 5 a1$
L~ da | .~
1=0 i=0
With these relations, Equation (1) can first be reduced to
N PS N N
b = o _ (- - bl N - * + e
Br = Byyg - P9+ Bg 7 Pe) (1 - Pg) + Byp P (2)
which can further be contracted to
hY
1 - Pg) N
- = —_— = : - - 2 Y g
brr g s ot Bys P B s ()
which then is seen to be
(1 - p;) <
T T Ey ks Breo (4)
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At this point we can only hope that the equation cannot be reducced
further or it might completely disappear!

One item which must be verified is that Equation (4) is continuous
with respect to N_, i.e., does the example "fudge factor" work at the
extremes of Np = 0 and Np = E_q. When N, = 0 there are no residual
rounds and since EK/R = B under this condition, the factor is correct
for this extreme. However, as N, = En/S the E. equation should approach
the next order value. This can be shown by observing that

SOV T N WY Ty e e e T e R TN T R e e e W s W W o g o o . T MRS A |

. (- P , (1 - P Cim Y EL
cim S E o+ P.\ £ - S Eo S UR/R
T B R T e L
(- .
- T N * N * .
1 - PS LK * PS‘ U‘n/S l‘K,"ﬂ\ s

Since the factor is consistent at the extremes, it appears reason-
able. The implicit assumption concerning E.,  which will remain
challengeable is that EK/R is linear with respect to NR.

Another item of interest concerns the degenerate cases; namely,
N'=1and N, = 0 and N ~ =, Since N = 1 and N, = 0 imply that there
is, on average, insufficient ammunition to entertain subsequent engage-

ments, the answer of E of Equation (4) 1is intuitively palatable.

T = B

Finally, taking N > « implies an unlimited load and the result ot

is again consistent since it represents the exchange ratio for the
cengagement, i.e., the ratio of the expected number of red tanks killed
to the expected number of blue tanks killed.

Bolstered by the absence of inconsistencies, the next section will
discuss a few examples.
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1 Blue Versus 1 Red

Assume that L =

then KK = (.5 +
PS = .1 +
E,. = (50 *
n/H
N = intege
N, = 50 -
'\.R k) 3
- = x TY x
E‘K,VR 5,32
im Fo= L7/ (1
N - wT
: - (1 -
br = T
JThus, for this examp

expe

1 Blue Versus 3 Red

Assume that L =
then FF = (.2 + .
PS = .0+ .2
C = (0 * .0
n/S (
N =

integer (50/3.625) =

ITI. EXAMPLES

50, and that

1+ 4 * .5)/.6 = 11.67

r (50/11.67)

integer (4.29) = 4

* 11.67 = 3,32
(.83/11.67) = ,24
- .6) = 1.75
4
:2)) e ety = 1055 .
le the exchange ratio = 1.75
expected kills per engagement = .7
ctea kills per ammunition load = 1.5"
50, and
0. (.0 2 .15 .05
ij |.o0s 25 .2 1
oo 3 4 5
ij "3 4 5 6
25) * 1+ (15 + .2) * 2+ (.05 + .1)

15+ 5 % 05)/.4 = ]

integer (13.793) = 13
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v N, = 50 - (153 % 3,025 = 2.875
\ I
. Fo,y = 2.875 * (1.625,3.025) = 1..29
3 NEN
o . ,
‘ in hT =1Ll - L) = 2.0
t N
b 13 -
1 - .4 15 3 -
F.o= — ~ 1.6 + .3 (1.29) = 2.6
T (1 -.9
), 1.0., exchange rate = 2.0°
cxpected kills per engagement = 1.6
2 expected kills per load = 2.67
g IV,  SIMARY
{ \noheuristic eguation has been developed which allows the trans-
$ Tormation of 1 X M tank engagement output data into a rmicasure of
3 cerfeormance witleh integrates the effects of lethality, vulnerability
nd ammunition depletion.  The equation:
- N
[ ® (1-~p2) ,
S N
Fo= ———l B+ PLE,
i 1=D. K S TK/R
S
[ is an rrorosieaiion of the expected number of red tanks hilled per blue
: tank qgiven a finite ammunition loadi. An assumption, implicit to the
t“ cquation, ts that B remain constant as long as the residual ammuniticos
ioad 1s greater than {or equal to) the average ammunition oxpended in
r ~ N . N -
! <uccesstul cngagement.  Althouch the assumption will tend to nrovide
f ' r than the true answer at small values of N, the cquation appears
reascnable in terms of providing a good ''feel'" of the interplaving
enetfits and burdens of system performance.
[t is a rather trival cxercise to generalize the terms of the
a cquation such that the approximation would be relevant to N X M engage-
[ nents. However, the cumulation of assumptions* supporting such an
q cnercise makes the author uncomfortable and by nature of the senerali-
- Tition, the resultant equation may attain more credence than it warrants.
b L . R . .
{ o iaug, tenporarily at least, the development terminates at this point.
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